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a b s t r a c t

Probabilistic intertemporal choice involves situations when a decision maker does not choose the same
stream of intertemporal outcomes when presented with the same decision problem repeatedly; or when
a decision maker makes non-repeated choice decisions that are inherently inconsistent (i.e. they cannot
be represented by any rational time preferences); or when an aggregated choice pattern of several
decisionmakers is contradictory. This paper presents behavioural characterization (axiomatization) of an
additively separable utility (that includes discounted utility, quasi-hyperbolic discounting, generalized
hyperbolic discounting and liminal discounting as special cases) embedded into Fechner model of
random errors (also known as strong utility) and Luce’s choice model (also known as strict utility). Such
probabilistic extensions of classical utility representations of time preferences are consistent with some
behavioural patterns that challenge the descriptive validity of the original (deterministic) theories (e.g.
some instances of the common difference effect).

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Intertemporal choice involves outcomes that are received at dif-
ferent moments in time. Classical models of intertemporal choice,
such as discounted utility theory1 (Samuelson, 1937), are typically
deterministic. Yet, empirical data often require a model of prob-
abilistic intertemporal choice. For example, such necessity arises
when a decisionmaker does not choose the same alternative when
presented with the same decision problem on several occasions;
or when a decision maker reveals inconsistent time preferences
across different decision problems; or when an aggregate choice
pattern of several decision makers is contradictory.

Historically, the first approach tomodelling probabilistic choice
over time is to embed a deterministic theory of intertemporal
choice into a random utility/random preference model. In this
paradigm, a decision maker is assumed to have several preference
relations, one of which is drawn at randomwhen a choice decision
ismade (e.g. Falmagne, 1985; Loomes and Sugden, 1995). Themost
popular random preference approach to intertemporal choice is a
model with a randomly distributed discount factor e.g., Coller and
Williams (1999, p. 115, section 4.2), Warner and Pleeter (2001, p.
38, Section III.A), Harrison et al. (2002, p. 1611, section III.A).

Unfortunately, the random preference approachmay lead to vi-
olations of weak stochastic transitivity that are rarely documented
in empirical data (e.g., Rieskamp et al., 2006). This problem is sim-
ilar to the Condorcet paradox in social choice. It can be illustrated
with the following three choice alternatives:

E-mail address: p.blavatskyy@montpellier-bs.com.
1 Also known as constant or exponential discounting.

(A) to receive $74 today;
(B) to receive $100 tomorrow;
(C) to receive $37 today and to receive $64 the day after

tomorrow.
Consider a decision maker who maximizes discounted utility

with a linear utility function and a random daily discount factor
that is equally likely to take one of three possible values {1/2,
3/4, 1}. This decision maker chooses B over A with probability
2/3 (when the realized value of the discount factor happens to
be 3/4 and 1). This decision maker also chooses C over B with
probability 2/3 (when discount factor happens to be 1/2 and 1).
Yet, paradoxically, the same decision maker also chooses A over C
with probability 2/3 (when discount factor happens to be 1/2 and
3/4).2

Another approach to generating probabilistic choice over time
in empirical applications (e.g., for estimating time preferences) is
to embed a deterministic theory of intertemporal choice into a
Fechner (1860) model of random errors (e.g., Chabris et al., 2008,
p. 248; Ida and Goto, 2009, p. 1174, formula 1; Tanaka et al., 2010,
p. 567, equation 1; Olivier et al., 2013. section 2.1, p. 617) or Luce
(1959) choice model (e.g., Andersen et al., 2008, p. 599, equation 9;
Meier and Sprenger, 2015, p. 276, equation 1). This paper presents
behavioural characterization (axiomatization) of such models. In

2 Jackson and Yariv (2015, p. 164) give a similar example in the context of
collective decisionmaking over timewhen three individualswith different discount
factors vote by the majority rule. Jackson and Yariv (2015, proposition 2) prove
that collective intertemporal choice by majority voting is intransitive whenever
the largest group of individuals with identical discount factors is smaller than the
majority.
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particular, we consider a general class of an additively separable
utility that includes discounted utility (Samuelson, 1937), quasi-
hyperbolic discounting (Phelps and Pollak, 1968), generalized hy-
perbolic discounting (Loewenstein and Prelec, 1992) and liminal
discounting (Pan et al., 2013).

The remainder of the paper is organized as follows. Mathemat-
ical notation is introduced in Section 2. Behavioural assumptions
(axioms) required for embedding an additively separable utility
into Fechner (1860) model of random errors (also known as strong
utility) are presented in Section 3. Section 4 presents examples
where probabilistic extensions of classical utility representations
of time preferences are consistent with some behavioural pat-
terns that challenge the descriptive validity of the original (deter-
ministic) theories (e.g. some instances of the common difference
effect). Behavioural assumptions (axioms) required for embed-
ding an additively separable utility into Luce (1959) choice model
(also known as strict utility) are presented in Section 5. Section 6
concludes.

2. Mathematical notation

Let T denote a nonempty finite set that is called time. An ele-
ment t ∈ T is called a moment of time. Let X denote a connected
set. An element x ∈ X is called an outcome or payoff. A stream of
intertemporal outcomes f : T → X is a function from T to X. The
set of all streams is denoted by F. A constant stream that yields one
outcome x ∈ X at all moments of time, is denoted by x ∈ F .

A decision maker chooses between streams of intertemporal
outcomes in a probabilistic manner. The primitive of choice is a
binary choice probability function P : F ×F → [0, 1]. In particular,
notation P (f , g) ∈ [0, 1] denotes the probability that a decision
maker chooses stream f ∈ F over stream g ∈ F in a direct binary
choice.

A traditional binary preference relation is a special case of a bi-
nary choice probability function: a decision maker strictly prefers
stream f over stream g when P (f , g) = 1; a decision maker is
indifferent between streams f and g when P (f , g) ∈ (0, 1); and
a decision maker strictly prefers stream g over stream f when
P (f , g) = 0. However, axiomatic characterization of the models
of probabilistic intertemporal choice can benefit from the repre-
sentation theorems for the following auxiliary binary preference
relation. A decision maker strictly prefers stream f over stream
g when P (f , g) > 0.5; a decision maker is indifferent between
streams f and g when P (f , g) = 0.5; and a decision maker strictly
prefers stream g over stream f when P (f , g) < 0.5.

For a compact notation, let notation xt f denote a stream of
intertemporal outcomes that results from stream f by replacing
f (t) with outcome x ∈ X for some moment t ∈ T . A moment
of time t ∈ T is called null (or inessential) if P (xt f , yt f ) = 0.5
for all x, y ∈ X and f ∈ F . In this case, a decision maker does not
really care which outcome is received at moment t and chooses
at random (with probabilities 50%–50%) between any two streams
that yield the same outcomes in all moments of time but moment
t. For example, a moment of time, which will occur in 100 years, is
null for many decision makers who may not care about outcomes
received in such a distant future. If there exist two outcomes x, y ∈

X such that P (xt f , yt f ) ̸= 0.5, then a moment of time t is called
nonnull (or essential).

Any model of intertemporal choice is degenerate (static) when
there is only one nonnull moment of time. In this case, for the
existence of a continuous utility function we need an additional
assumption that X is a separable set (i.e., X contains a countable
subset whose closure is X), cf. Debreu (1954, Theorem I, p. 162).

Let x ∈ F denote a stream that yields outcome x ∈ X at every
moment t ∈ T . Finally, let t0 ∈ T denote the present moment of
time.

3. Axiomatization of an additively separable utility embedded
into Fechner model

Weassume that a binary choice probability function P : F×F →

[0, 1] satisfies the following two standard axioms.

Axiom 1 (Completeness). P (f , g) + P (g, f ) = 1 for all f , g ∈ F .

Axiom 2 (Weak Stochastic Transitivity). If P (f , g) ≥ 0.5 and
P (g, h) ≥ 0.5 then P (f , h) ≥ 0.5 for all f , g, h ∈ F .

Let us consider an auxiliary binary preference relation f ≽ g if
and only if P (f , g) ≥ 0.5. This preference relationmust be rational
(due to Axioms 1–2). It can be represented by a real-valued utility
function U : F −→ R when f ≽ g if and only if U (f ) ≥ U (g), for
all f , g ∈ F . Next, we add two additional behavioural assumptions
(Axioms 3 and 4), which insure that auxiliary binary preference
relation ≽ admits a (continuous and additively separable) real-
valued utility representation.

Axiom 3 (Probabilistic Continuity). The sets {f ∈ F : P (f , g) ≥ 0.5}
and {f ∈ F : P (g, f ) ≥ 0.5} are closed for all g ∈ F .

Axiom 3 (formulated for a binary relation ≽) is used in a con-
nected topology approach. Alternatively, Axiom 3 can be replaced
with two implications of continuity that are known as solvability
and the Archimedean axiom. This is known as an algebraic ap-
proach (e.g., Wakker, 1988; Köbberling and Wakker, 2003, p. 398).

Axiom 4 (Probabilistic Cardinal Independence). If P (xt f , ytg) ≥ 0.5,
P (xtg, zt f ) ≥ 0.5 and P (ysh, xsk) ≥ 0.5 then P (xsh, zsk) ≥ 0.5 for
all x, y, z ∈ X; f , g, h, k ∈ F ; any nonnull moment of time t ∈ T
and any moment of time s ∈ T .

Axiom 4 (formulated for a binary relation ≽) is known as car-
dinal independence (e.g., Blavatskyy, 2013) or standard sequence
invariance (e.g., Krantz et al., 1971, Section 6.11.2). It is a weaker
version of tradeoff consistency (Wakker, 1984, 1989) or Reidemeis-
ter closure condition in geometry (Blaschke and Bol, 1938).

Intuitively, Axiom 4 can be interpreted as follows. A decision
maker ismore likely to choose stream f over stream g when f (t) =

x and g (t) = y. However, this decisionmaker becomesmore likely
to choose g over f when we replace outcome x with outcome z in
stream f and outcome y—with outcome x in stream g. The same
decision maker is also more likely to choose stream h over stream
k when h (s) = y and k (s) = x. Now, if we replace outcome x with
outcome z in stream k and outcome y—with outcome x in stream
h, this should make h even more desirable (in the absence of any
intertemporal substitution or complementarity effects). Thus, we
should expect our decision maker to continue to choose h with a
higher probability than k. Axiom 4 imposes such consistency for all
moments of time. Effectively, Axiom 4 rules out any intertemporal
substitution or complementarity effects.

Proposition 1. A binary choice probability function P : F × F →

[0, 1] satisfies Axioms 1, 2, 3 and 4 if and only if there exist a discount
function D : T −→ [0, 1] and a continuous utility function u :

X −→ R such that an auxiliary binary preference relation ≽ can be
represented by an additively separable utility function (1).3

U (f ) =

∑
t∈T

D (t) u ◦ f (t) (1)

3 In other words, P (f , g) ≥ 0.5 implies U (f ) ≥ U (g) and vice versa.
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Discount function D (.) is unique under conventional normal-
ization D (t0) = 1, except for a trivial case when all moments of
time are null. Utility function u (.) is unique up to a positive affine
transformation if at least two moments of time are nonnull.

The proof follows immediately fromproposition 1 in Blavatskyy
(2013).

Special cases of additively separable utility (1) include dis-
counted utility or constant (exponential) discounting model of
Samuelson (1937), quasi-hyperbolic discounting (Phelps and Pol-
lak, 1968), generalized hyperbolic discounting (Loewenstein and
Prelec, 1992) and liminal discounting (Pan et al., 2013).

Next, we assume that any two streams of intertemporal out-
comes can be swapped (interchanged) in a binary choice problem
(without affecting binary choice probabilities) whenever a deci-
sion maker is ‘‘probabilistically indifferent’’ between these two
streams (i.e. when the decision maker chooses with probabilities
50%–50% between these two streams). This property is known as
‘‘interchangeability’’ in the literature (e.g., axiom 5 in Blavatskyy,
2008, p. 1051) and it is implied by strong stochastic transitivity and
completeness (cf. Davidson and Marschak, 1959).

Axiom 5 (Interchangeability). P (f , g) = P (f , h) for all f , g, h ∈ F
such that P (g, h) = 0.5.

According to Axiom 5, binary choice probability P (f , g) does
not change if we replace stream f with another stream k such
that P (f , k) = 0.5 and it also does not change if we replace
stream g with another stream h such that P (g, h) = 0.5. In
other words, binary choice probability P (f , g) can be written as
a function ϕ (U (f ) ,U (g)), where ϕ : R × R −→ [0, 1] and
U : F −→ R is a real-valued utility function that represents
auxiliary binary preference relation ≽. Proposition 1 together with
Axiom 5 effectively implies that a binary choice probability func-
tion, which satisfies Axioms 1–5, depends only on the additively
separable utility of the two streams. Several classical approaches
to probabilistic choice generate binary choice probability functions
that satisfy this condition. In particular, Fechner (1860) argued that
the probability with which a decision maker chooses one choice
alternative over another is a function of utility differences be-
tween these two choice alternatives. Such a model of probabilistic
intertemporal choice (also known as strong utility) requires the
following behavioural assumption.

Axiom 6 (Outcome Substitution). P (x, y) = P (z,w) for any four
outcomes x, y, z, w ∈ X such that P (xt f , ytg) = P (zt f , wtg) = 0.5
for some nonnull moment of time t ∈ T and some f , g ∈ F .

Intuitively, Axiom 6 can be interpreted as follows. The probabil-
ity that a decision maker chooses stream xt f over stream ytg does
not change when an outcome x is replaced with outcome z and an
outcome y is replaced with outcome w.4 If such a simultaneous
replacement of outcomes in one moment of time does not affect
behaviour, we could also expect that such a replacement in all mo-
ments of time also does not change choice probabilities. Axiom 6
shares some similarity with axiom 8 in Blavatskyy (2012a), in the
context of choice under uncertainty, and axiom 5 in Blavatskyy
(2014), in the context of choice under risk. However, these two
papers use the mixture operation (correspondingly on the set of
acts and the set of lotteries) that is not feasible in our current
context of intertemporal choice.

Proposition 2. A binary choice probability function P : F × F →

[0, 1] satisfies Axioms 1–6 if and only if P (f , g) = ϕ (U (f ) − U (g)),
where ϕ : R −→ [0, 1] is a function satisfying ϕ (v) + ϕ (−v) = 1

4 In the tradition of Fechner (1860), one could argue that the ‘‘strength of
preference’’ for x over y is the same as the ‘‘strength of preference’’ for z over w.

for all ν ∈ R as well as ϕ (v) > 0.5 for all v > 0.5 and utility function
U(.) takes an additively separable form (1). Uniqueness results are the
same as in Proposition 1.

Proof is presented in Appendix.
Intuitively, Axioms 5 and 6 are used in the proof of Proposi-

tion 2 as follows. Given Axiom 5, any stream f can be substituted
with a ‘‘probabilistically equivalent’’ constant stream x such that
P (f , x) = 0.5. Thus, in order to construct a representation for all
streams, we only need to construct a representation for constant
streams. Axiom 6 accomplishes this job: a binary choice proba-
bility for constant streams depends only on the utility difference
between the outcomes of these constant streams.5

Proposition 2 shows that Axioms 1–6 are necessary and suffi-
cient conditions for an additively separable utility (1) embedded
into a Fechner model of probabilistic choice. This model has an
intuitive interpretation as an econometricmodel of discrete choice
with homoscedastic random errors. A decision maker, who maxi-
mizes (deterministic) additively separable utility, chooses stream
f over stream g when U (f ) − U (g) > 0. If the revealed choices of
this decision maker are affected by random errors or imprecision
or noise, then stream f is chosen over stream g when U (f ) −

U (g) > ε, where ε denotes a random variable with zero mean
that is independently and identically distributed across all pairs of
streams f and g. Thus, if function ϕ : R −→ [0, 1] denotes a cu-
mulative distribution function of this randomvariable ε, stream f is
chosen over stream g with probability P (f , g) = ϕ (U (f ) − U (g)).
Moreover, if randomvariable ε is symmetrically distributed around
its mean (zero) then function ϕ (.) satisfies the restriction ϕ (v) +

ϕ (−v) = 1. Popular parametric forms of function ϕ (.) include
cumulative distribution functions of the normal and logistic dis-
tribution, which corresponds to a (homoscedastic) probit and logit
model of discrete choice.

4. Examples

A probabilistic extension of classical utility representations of
time preferences is consistentwith some behavioural patterns that
challenge the descriptive validity of the original (deterministic)
theories. For example, Thaler (1981, p. 202) argued that an indi-
vidual could choose one apple today over two apples tomorrow
and, at the same time, he or she could choose two apples in one
year plus one day over one apple in one year. Discounted utility
theory (Samuelson, 1937) cannot rationalize such a choice pattern.
Yet, discounted utility embedded into Fechner model of proba-
bilistic choice could rationalize some instances of such switching
behaviour.

The probability that a decision maker chooses one apple today
over two apples tomorrow is given by p = ϕ (u (1) − δu (2)),
where δ ∈ (0, 1) denotes a daily discount factor. The probability
that a decision maker chooses two apples in one year plus one
day over one apple in one year is q = ϕ

(
δ366u (2) − δ365u (1)

)
.

Note that utility difference δ366u (2) − δ365u (1) is closer to zero
than utility difference u (1) − δu (2). Hence, the second binary
choice probability q is closer to 0.5 than the first binary choice
probability p.

This implies that a decision maker can choose one apple today
over two apples tomorrow with a probability very close to one;
but the same decision maker chooses two apples in one year plus
one day over one apple in one year with a probability close to (but
less than) one half. In other words, we can observe many choice
patterns where a decision maker prefers one apple today but
prefers two apples in one year plus one day. On the other hand, we

5 If P (xt f , ytg) = P (zt f , wtg) = 0.5 then the utility difference between
outcomes x and y is the same as that between z and w due to Proposition 1.
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can observe only few instances of a decision maker choosing two
apples tomorrow and choosing one apple in one year. Discounted
utility embedded into Fechner model of probabilistic choice can
rationalize a statistically significant asymmetry between these two
choice patterns. However, the model cannot rationalize a switch-
ingmodal pattern, when a decisionmaker chooses one apple today
over two apples tomorrowwith a probability greater than 0.5 and,
at the same time, he or she chooses two apples in one year plus one
day over one apple in one year also with a probability greater than
0.5. Similarly, discounted utility embedded into Fechner model
can rationalize some instances of the common difference effect
(Loewenstein and Prelec, 1992, section II.1, p. 574; Shane et al.,
2002, p. 361).6

Rubinstein (2003, section 3.1, p. 1211) reports an experiment
where subjects prefer receiving $607.07 on June 17th, 2005 instead
of receiving $467 on June 17th, 2004. At the same time, the same
subjects prefer receiving $467 on June 16th, 2005 instead of receiv-
ing $467.39 on June 17th, 2005. Rubinstein (2003, p. 1212) showed
that such a switching choice pattern falsifies discounted utility
(Samuelson, 1937), quasi-hyperbolic discounting (Phelps and Pol-
lak, 1968) and generalized hyperbolic discounting (Loewenstein
and Prelec, 1992). Yet, these theories embedded into a Fechner
model can rationalize some instances of such switching behaviour.

Specifically, an individual chooses a stream that yields $607.07
on June 17th, 2005 over a stream that yields $467 on June 17th,
2004 with probability ϕ (∆1), where

∆1 = D (17.06.05) u ($ 607.07) − D (17.06.04) u ($ 467) .

The same decisionmaker chooses a stream that yields $467 on June
16th, 2005 over a stream that yields $467.39 on June 17th, 2005
with probability ϕ (∆2), where

∆2 = D (16.06.05) u ($ 467) –D (17.06.05) u ($ 467.39) .

Under discounted utility, quasi-hyperbolic discounting and gener-
alized hyperbolic discounting (with a conventional non-increasing
marginal utility of money) both utility differences ∆1 and ∆2
cannot be simultaneously positive (cf. (Rubinstein, 2003, p. 1212).
Yet, if utility difference ∆1 > 0 is larger in absolute value than
utility difference ∆2 < 07 then binary choice probability ϕ (∆2) is
closer to 0.5 than binary choice probability ϕ (∆1). In such a case,
a decision maker is more likely to choose $607.07 on June 17th,
2005 in the first decision problem and $467 on June 16th, 2005—
in the second decision problem rather than to choose $467 on
June 17th, 2004 in the first decision problem and $467.39 on June
17th, 2005—in the second decision problem. Therefore, discounted
utility, quasi-hyperbolic discounting or generalized hyperbolic dis-
counting theory embedded into Fechner model of probabilistic
choice can rationalize a statistically significant asymmetry be-
tween these two choice patterns. However, these theories cannot
rationalize a switching modal choice pattern (when the majority
of subjects prefer receiving $607.07 on 17.06.2005 in the first
decision problem and $467 on 16.06.2005—in the second decision
problem).

5. Axiomatization of an additively separable utility embedded
into Luce model

Wealready established that a binary choice probability function
satisfying Axioms 1–5 depends only on the additively separable
utility of the two streams (due to Proposition 1 and Axiom 5). So

6 This empirical observation is similar to the observation that expected utility
theory embedded into Fechner model can rationalize some instances of the com-
mon ratio effect.
7 For example, such a case is possible when all discount factors are nearly

identical and utility function u (.) is linear.

far, we considered a special case of such a binary choice probability
function that depends on the difference in additively separable
utilities of the two streams (which is known as Fechner (1860)
model of random errors or strong utility). Alternatively, we can
consider another special case when a binary choice probability
function depends on the ratio of additively separable utilities of the
two streams (which is known as Luce 1959, choice model or strict
utility). Specifically, instead of Axiom 6 we make an alternative
behavioural assumption presented as Axiom 7.

Axiom7 (Odds Ratio Independence). Theodds ratio
[
P(f ,g)

P(g,f )

]
/

[
P(f ,h)
P(h,f )

]
is independent of f for any streams f , g, h ∈ F .

Intuitively, Axiom 7 can be illustrated on the following exam-
ple. Consider an investor who chooses among three intertemporal
streams: holding cash (f ), investment in bonds (g), and investment
in stocks (h). We compare the relative chance that this investor
decides to hold cash instead of investing into bonds with the
relative chance that this investor decides to hold cash instead of
investing into stocks. According toAxiom6, this odds ratio depends
only on the characteristics of bonds and stocks and it does not
depend on the characteristics of the third intertemporal stream
(holding cash).

A weaker version of axiom 7 was used in Blavatskyy (2011,
axiom 6, p. 544) and Blavatskyy (2012b, axiom 6) in the context
of choice under risk. These papers require the odds ratio to be
independent of an irrelevant alternative only if the least upper
bound of the two lotteries with this irrelevant alternative (in terms
of the first-order stochastic dominance) is the same. Axiom 7
always requires the odds ratio to be independent of an irrelevant
alternative (whether the least upper bounds in terms of the first-
order temporal dominance are the same or not).

Proposition 3. A binary choice probability function P : F × F →

[0, 1] satisfies Axioms 1–5 and 7 if and only if P (f , g) = ν ◦

U (f ) /[ν ◦ U (f ) + ν ◦ U (g)], where ν : R −→ R is a continuous
function that is either decreasing in the negative range or increasing
in the positive range and utility function U : F −→ R takes an
additively separable form (1). Uniqueness results are the same as in
Proposition 1.

Proof is presented in the Appendix.
Proposition 3 shows that Axioms 1–5 and 7 are necessary and

sufficient conditions for embedding an additively separable utility
(1) into Luce’s choice model (strict utility). In a special case when
ν(.) is an exponential function, this model becomes equivalent to
an additively separable utility embedded into Fechner model with
function ϕ (.) being the cumulative distribution functions of the
logistic distribution.

6. Conclusion

This paper considers choice between streams of intertemporal
payoffs when a decision maker chooses in a probabilistic manner.
First of all, we consider a model where the probability that stream
f is chosen over stream g depends on the difference in utility
between f and g, which is known as Fechner (1860) model of
random errors or a strong utility. Second, we consider a model
where this probability depends on the ratio of utilities of f and g,
which is known as Luce (1959) choice model or strict utility.

The main contribution of the paper is to provide behavioural
restrictions on a binary choice probability function that are neces-
sary and sufficient for the two well-known models of probabilistic
intertemporal choice. Such restrictions are known for (subjective)
expected utility theory embedded into Fechner (1860) or Luce
(1959) model in the context of choice under risk (uncertainty) cf.
Blavatskyy (2008, 2012a). However, axiomatic characterization of
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probabilistic choice under risk/ uncertainty typically exploits the
mixture operation on the set of lotteries/acts that does not have
an intuitive counterpart in the context of intertemporal choice.
This paper provides the required behavioural assumptions (most
notably Axioms 6 and 7) that allow constructing a probabilistic
extension of an additively separable utility (characterized by stan-
dard Axioms 1–4) for choice over time.

An additively separable utility that we consider in this paper is
unique up to a positive affine transformation (except for the static
case when there is only one nonnull moment of time). Thus, for
example, multiplication of utility function by a positive constant
should not affect binary choice probabilities. In general, this does
not hold in the first (Fechner) model, which may be viewed as its
disadvantage. Similarly, addition of a positive constant to utility
function should not affect binary choice probabilities. In general,
this does not hold in the second (Luce’s choice)modelwith a power
function ν (.), which may be viewed as its disadvantage.
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Appendix

Proof of Proposition 2. First, we prove that binary choice proba-
bility function P (f , g) = ϕ (U (f ) − U (g)) satisfies Axioms 1–6.

For all f , g ∈ F we have P (f , g)+P (g, f ) = ϕ (U (f ) − U (g))+

ϕ (U (g) − U (f )) = 1 with the last equality due to the property
ϕ (v) + ϕ (−v) = 1 of function ϕ : R −→ [0, 1]. Thus, Axiom 1 is
satisfied.

For all f , g ∈ F such that P (f , g) ≥ 0.5 we must have U (f ) ≥

U (g) (otherwise, ifU (g)−U (f ) > 0, then ϕ (U (g) − U (f )) > 0.5
due to the property ϕ (v) > 0.5 for all v > 0.5 of function
ϕ : R −→ [0, 1]; and P (g, f ) > 0.5, which together with
P (f , g) ≥ 0.5 contradicts Axiom 1). Similarly, for g, h ∈ F such
that P (g, h) ≥ 0.5 we must have U (g) ≥ U (h). If U (f ) ≥ U (g)
and U (g) ≥ U (h) then U (f ) − U (h) ≥ 0 and ϕ (U (f ) − U (h)) ≥

0.5 due to the property ϕ (v) > 0.5 for all v > 0.5. Hence, wemust
have P (f , h) ≥ 0.5 and Axiom 2 is satisfied.

The sets {f ∈ F : P (f , g) ≥ 0.5} and {f ∈ F : P (g, f ) ≥ 0.5} are
equivalent to the sets {f ∈ F : U (f ) ≥ U (g)} and {f ∈ F : U (g) ≥

U (f )} correspondingly (as a consequence of property ϕ (v) > 0.5
for all v > 0.5). The latter two sets are closed for a continuous
function U (.). Thus, Axiom 3 is satisfied.

If P (xt f , ytg) ≥ 0.5 then U (xt f ) ≥ U (ytg) as a consequence of
property ϕ (v) > 0.5 for all v > 0.5. Similarly, P (xtg, zt f ) ≥ 0.5
implies U (xtg) ≥ U (zt f ) and P (ysh, xsk) ≥ 0.5 implies U (ysh) ≥

U (xsk). If function U (.) has an additively separable form (1) then
inequalities U (xt f ) ≥ U (ytg) and U (xtg) ≥ U (zt f ) imply

D (t) [u (x) − u (y)] >
∑
r∈T
r ̸=t

D (r) [u ◦ g (r) − u ◦ f (r)]

> D (t) [u (z) − u (x)] . (2)

Hence, we must have u (x) − u (y) > u (z) − u (x). If function U (.)
has form (1) then inequality U (ysh) ≥ U (xsk) implies∑
r∈T
r ̸=s

D (r) [u ◦ h (r) − u ◦ k (r)] > D (s) [u (x) − u (y)]

> D (s) [u (z) − u (x)]

Rearranging the left-most and the right-most part of this in-
equality yields U (xsh) − U (zsk) ≥ 0. This implies ϕ (U (xsh) −

U (zsk)) ≥ 0.5 due to the property ϕ (v) > 0.5 for all v > 0.5.
Hence, P (xsh, zsk) ≥ 0.5 and Axiom 4 holds.

For all f , g, h ∈ F such that P (g, h) = 0.5 we have
ϕ (U (g) − U (h)) = 0.5. If U (g) > U (h) then we must have
ϕ (U (g) − U (h)) > 0, due to the property ϕ (v) > 0.5 for all
v > 0.5, which contradicts ϕ (U (g) − U (h)) = 0.5. Similarly,
U (g) < U (h) implies ϕ (U (g) − U (h)) < 0, which contradicts
ϕ (U (g) − U (h)) = 0.5. Hence, we must have U (g) = U (h). In
such a case, P (f , g) ≡ ϕ (U (f ) − U (g)) = ϕ (U (f ) − U (h)) ≡

P (f , h). Thus, Axiom 5 is satisfied.
Finally, if P (xt f , ytg) = 0.5 then U (xt f ) = U (ytg) and if

P (zt f , wtg) = 0.5 then U (zt f ) = U (wtg). If function U (.) has
an additively separable form (1) then equalities U (xt f ) = U (ytg)
and U (zt f ) = U (wtg) imply

D (t) [u (x) − u (y)] =

∑
r∈T
r ̸=t

D (r) [u ◦ g (r) − u ◦ f (r)]

= D (t) [u (z) − u (w)] .

Thus, if moment of time t ∈ T is nonnull, we must have u (x) −

u (y) = u (z) − u (w). This implies U (x) − U (y) = U (z) − U (w).
Hence, P (x, y) ≡ ϕ (U (x) − U (y)) = ϕ (U (z) − U (w)) ≡

P (z,w). Thus, Axiom 6 is satisfied.
Next, we prove that a binary choice probability function, which

satisfies Axioms 1–6, must be P (f , g) = ϕ (U (f ) − U (g)) with
function U (.) taking the additively separable form (1).

Let us consider two arbitrary streams f , g ∈ F . Let x ∈ X
denote an outcome such that P (f , x) = 0.5 and let y ∈ X
denote an outcome such that P (g, y) = 0.5 (the existence of
these two outcomes follows from Axiom 5 and the fact that X is
a connected set). Due to Axiom 5 wemust have P (f , g) = P (x, y).
If Axioms 1–4 hold then, by Proposition 1, equality P (f , x) = 0.5
implies∑
t∈T

D (t) u ◦ f (t) = u (x)

[∑
t∈T

D (t)

]
(3)

and equality P (g, y) = 0.5 implies∑
t∈T

D (t) u ◦ g (t) = u (y)

[∑
t∈T

D (t)

]
(4)

where D : T −→ [0, 1] denotes a discount function and u : X −→

R denotes a continuous utility function (with uniqueness results
the same as in Proposition 1).

Let us fix one arbitrary outcome x0 ∈ X and let us select an
outcome z ∈ X such that P (xth, ytk) = P (zth, x0tk) = 0.5
for some nonnull moment of time t ∈ T and some h, k ∈ F . If
Axioms 1–4 hold then, by Proposition 1, equality P (xth, ytk) = 0.5
implies

D (t) u (x) +

∑
s∈T ,
s̸=t

D (s) u ◦ h (s)

= D (t) u (y) +

∑
s∈T ,
s̸=t

D (s) u ◦ k (s) (5)

and equality P (zth, x0tk) = 0.5 implies

D (t) u (z) +

∑
s∈T ,
s̸=t

D (s) u ◦ h (s)

= D (t) u (x0) +

∑
s∈T ,
s̸=t

D (s) u ◦ k (s) . (6)

Subtracting Eq. (6) from Eq. (5) and dividing by D (t), which
cannot be equal to zero because moment of time t is nonnull, we
obtain

u (z) = u (x0) + u (x) − u (y) . (7)
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Finally, using Eqs. (3) and (4), we can rewrite Eq. (7) as

u (z) = u (x0) +

∑
t∈T D (t) u ◦ f (t) −

∑
t∈T D (t) u ◦ g (t)∑

t∈T D (t)
.

According to Axiom 6, we have P (x, y) = P (z, x0) so that
P (f , g) = P (z, x0). Since outcome x0 ∈ X is fixed, probability
P (f , g) depends only on the (utility of) outcome z, which itself if
a function of U (f ) − U (g). Therefore, binary choice probability
P (f , g) must be a function of differences in (continuous and ad-
ditively separable) utility of streams f and g:

P (f , g) = ϕ

(∑
t∈T

D (t) u ◦ f (t) −

∑
t∈T

D (t) u ◦ g (t)

)
.

If Axiom 1 holds then function ϕ : R −→ [0, 1] must satisfy
the restriction ϕ (v) + ϕ (−v) = 1. According to Proposition 1,
if Axioms 1–4 hold then an auxiliary binary preference relation ≽
can be represented by an additively separable utility function (1)
so that P (f , g) > 0.5 whenever U (f ) − U (g) > 0 for all f , g ∈ F .
Thus, function ϕ : R −→ [0, 1] must satisfy the restriction ϕ (v) >

0.5 for all v > 0.5. □

Proof of Proposition 3. It is relatively straightforward to
show that binary choice probability function P (f , g) = ν ◦

U (f ) /[ν ◦ U (f ) + ν ◦ U (g)] satisfies Axioms 1–5 and 7. We only
prove that a binary choice probability function, which satisfies Ax-
ioms 1–5 and 7,must be P (f , g) = ν◦U (f ) /[ν ◦ U (f ) + ν ◦ U (g)]
with function U (.) taking the additively separable form (1).

According to Axiom 7, for any streams f , g, h ∈ F wemust have[
P (f , g)

P (g, f )

]
/

[
P (f , h)
P (h, f )

]
= ϑ (g, h) (8)

where ϑ : F × F → R is an arbitrary function.
Since Eq. (8) holds for any stream g, it holds also for stream

g = f . Plugging g = f into Eq. (8) immediately yields

P (h, f )
P (f , h)

= ϑ (f , h) . (9)

Swapping streams f and g in Eq. (8) yields[
P (g, f )
P (f , g)

]
/

[
P (g, h)
P (h, g)

]
= ϑ (f , h) . (10)

Finally, plugging Eq. (9) on the right-hand side of Eq. (10) yields[
P (g, f )
P (f , g)

]
/

[
P (g, h)
P (h, g)

]
=

P (h, f )
P (f , h)

. (11)

This last Eq. (11) can be rearranged as

P (g, f )
P (f , g)

=
P (g, h)
P (h, g)

P (h, f )
P (f , h)

. (12)

Eq. (12) is a generalized multiplicative Sincov functional equa-
tion (e.g. Aczél, 1966) for the odds ratio. Eq. (12) is satisfied for any
f , g, h ∈ F if and only if there exists a function µ : F → R such
that
P (g, f )
P (f , g)

=
µ (g)

µ (f )
. (13)

If Axiom 1 holds then P (g, f ) = 1 − P (f , g) for all f , g ∈ F .
Plugging this result into Eq. (13) yields

P (f , g) =
µ (f )

µ (f ) + µ (g)
(14)

If Axiom 5 holds then function µ (.) must take the form µ (f ) =

ν ◦ U (f ) where ν : R −→ R and U : F → R is utility function
that represents an auxiliary preference relation f ≽ g if and only

if P (f , g) ≥ 0.5. Finally, if Axioms 1–4 hold then Proposition 1
implies that

P (f , g) =
ν
(∑

t∈T D (t) u ◦ f (t)
)

ν
(∑

t∈T D (t) u ◦ f (t)
)
+ ν

(∑
t∈T D (t) u ◦ g (t)

)
where D : T −→ [0, 1] denotes a discount function and u : X −→

R denotes a continuous utility function. Uniqueness results are the
same as in Proposition 1.

According to Proposition 1, if Axioms 1–4 hold then an aux-
iliary preference relation ≽ can be represented by an additively
separable utility function (1) so that P (f , g) > 0.5 whenever
U (f ) > U (g) for all f , g ∈ F . Thus, function ν : R −→ R
is decreasing in the negative range and increasing in the positive
range. ByAxiom3, this functionmust be continuous. Thus, function
ν (.) must be either decreasing in the negative range or increasing
in the positive range (but not both). □
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